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Figure 5
Single-particle properties near an SDW QCP with   = 1.5 [from Ref. (66)]. (a-c) The Green’s
function G(k, ⌧ =  /2) as a function of k, for di↵erent values of the tuning parameter r. (d,e) the
imaginary part of the self-energy, Im⌃(kF ,!n), near the QCP (d) and away from it (e). The
self-energy is shown at one of the hot spots (k = khs) and at a Fermi surface point with kx = 0,
away from the hot spots.
spectral function at real frequencies of the order of T can also be obtained. This is possible
through the relation, valid for 0 < ⌧ <   (109),
G(k, ⌧) =
Z
d!
e !(⌧  /2)
2 cosh( !/2)
A(k,!), 16.
where A(k,!) is the spectral function. From here, we see that G(k, ⌧ =  /2) gives the
integrated spectral weight in a window of width ⇠ T around the Fermi level. Fig. 5(a-c)
show a colormap of this quantity vs. k for one of the orbitals that forms the horizontal
Fermi surface shown in Fig. 1(c), for di↵erent values of the tuning parameter r approaching
an SDW QCP (66). In the ordered state, r < rc (panel a), the reconstruction of the Fermi
surface is clearly visible, and a gap opens at the hot spots. Near the QCP (panel b), the
gap at the hot spots fills in, although G(k, /2) is still significantly suppressed at the hot
spots compared to other regions of the Fermi surface. Finally, away from the QCP (c), a
full Fermi surface is recovered.
Next, we examine the fermion self-energy, ⌃(k,!n), at di↵erent points on the Fermi
surface. The imaginary part of ⌃(k,!n) is shown at the intersection of the Fermi surface and
the y axis (which is far away from the hot spots), and at the hot spot (khs), either near the
QCP or away from the QCP [Figs. 5(d,e), respectively.] Away from the hot spots, ⌃(k,!n)
tends linearly towards zero, consistently with Fermi liquid behavior. At the hot spots, the
self-energy is larger than away from the hot spots; this is particularly pronounced in the
vicinity of the QCP, where ⌃(khs,!n) is nearly frequency and temperature independent.
This marks a strong deviation from Fermi liquid behavior at the hot spots.
The near-independence of the self-energy of !n and T is surprising; most field-theoretical
models predict ⌃(!n) ⇠ isgn(!n)
p|!n| at the hot spots. It is not clear whether the behavior
found in the simulations represents a true asymptotic property of the QCP. The lowest
temperature in the simulations is intrinsically limited by the superconducting transition
(Tc ⇡ 0.025 for   = 1.5). Note that for all but the smallest temperature and frequency,
T = 0.05 and !n = ⇡/T , the self-energy is smaller in magnitude than !n, we can then
identify a non-Fermi liquid scale ⌦NFL ⇠ 0.05 ⇡ 2Tc. Thus, there is no separation of scales
between non-Fermi liquid behavior and superconductivity.
Next, we describe the single-fermion properties in the nematic case. Figs. 6(a-d) show
a colormap of G(k, /2) for di↵erent parameters. In the non-interacting case (↵ = 0),
this function is strongly peaked at the Fermi surface. In the presence of interactions (↵ =
14 Berg et al.
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AFM interaction can be decoupled 
in both SC and CDW order
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ter,   = i y↵  ( c1,↵ c2,     d1,↵ d2, ), onto the CO or-
der parameter, ⇢ =  0↵ 
⇣
 †c1,↵ c2,     †d1,↵ d2, 
⌘
. Note
that this CO has a diagonal wave-vectorQCO ⌘ (Q0, Q0)
which separates two hot spots belonging to diﬀerent pairs
but to the same band (see Fig. 1). Our goal here is
to investigate: (i) to what extent does this symmetry
play a role in the vicinity of an AFM-QCP, and (ii) more
broadly, is CO a generic feature near such a QCP. To this
end, we perform a systematic investigation of the SC and
CO susceptibilities in the two-band spin-fermion model.
We choose as our starting point the parameters for
which the symmetry of the low-energy hot-spots model
discussed above is promoted to an exact lattice symme-
try. This corresponds to the case where the c and d bands
are particle-hole symmetric, i.e. µ = 0. This allows us to
systematically study the eﬀect of breaking the particle-
hole symmetry at the lattice level. For µ = 0, the elec-
tronic action for a given AFM field configuration – corre-
sponding to the S and S  terms of the action in Eq. (1)
[3]– is invariant under a rotation in particle-hole space,
 i,r↵ ! eiQAFM·r
⇣
i y↵ 
⌘
 †i,r  . This invariance can be
seen by constructing a four-dimensional spinor that com-
bines rotated and non-rotated operators at each band,
 i,r ⌘
⇣
 i,r",  i,r#, eiQAFM·r 
†
i,r#,  eiQAFM·r †i,r"
⌘T
.
In this representation, when µ = 0, the Hamilto-
nian commutes with all all SU(2) generators ⌧ in
particle-hole space. Importantly, the SC and CO or-
der parameters form a three-component vector   ⌘
(Re , Im , ⇢) in this space, which couples to the elec-
trons as
P
r e
iQAFM·r  · ( 0 ⌦ ⌧ )
⇣
 †c,r c,r   †d,r d,r
⌘
.
Note that QCO = QAFM = (⇡,⇡), enforcing ⇢ to be real.
As a result, an enhancement of the SC susceptibility also
implies an equally strong enhacement in the CO channel,
since the two order parameters are related by rotations
in the SU(2) particle-hole space, and the Hamiltonian is
invariant under these rotations. This symmetry is anal-
ogous to the degeneracy between SC and CO observed
in the half-filled negative-U Hubbard model [35]. Here,
however, both the SC and CO have a d-wave symmetry.
To demonstrate the existence of this SU(2) symmetry
for µ = 0, we perform QMC simulations on a square
lattice of size L = 12. Additional details of the QMC
procedure can be found elsewhere [26]. All energies are
expressed in terms of the hopping tx ⌘ t and the pa-
rameters are set to vs = 2t, u = t 1,  2 = 4t, and
ty = t/2, resulting in the Fermi surface illustrated in
Fig. 1(b) (the results are the same for other values of
ty, see Supplementary Material). Fig. 2(a) shows the
SC susceptibility  SC, the CO susceptibility  diagCO with
diagonal wave-vector QCO = (Q0, Q0), where Q0 = ⇡,
and the CO susceptibility  axialCO with axial wave-vector
QCO = (Q0, 0) / (0, Q0) as a function of the distance
to the AFM-QCP for  t = 12. The position rc of the
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Figure 2. SC susceptibility  SC (circles) and CO suscepti-
bilities for diagonal wave-vector QCO = (Q0, Q0),  diagCO (tri-
angles), and axial wave-vector QCO = (Q0, 0) / (0, Q0),  axialCO
(inverted triangles), as function of: (a) the distance r0  rc to
the AFM-QCP (fixed temperature  t = 12); and (b) temper-
ature T/t (fixed r0 = rc at the AFM-QCP). The particle-hole
symmetric dispersion used here is that of Fig. 1(b).
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Figure 3. (a) SC (circles) and diagonal CO (triangles) sus-
ceptibilities, normalized by their non-interacting values, as a
function of the distance to the QCP r0   rc and for a fixed
temperature  t = 10. The dispersion is represented in Fig.
1(c), with diﬀerent values of the wave-vector Q0 (shown in
the inset). Panel (b) shows the temperature dependence of
the inverse susceptibilities at the AFM-QCP (r0 = rc) for
µ/t =  p2 (Q0 = ⇡/2).
AFM-QCP was determined via the AFM susceptibility
[32]. The degeneracy between diagonal CO and SC is
evident, as well as the enhancement of both susceptibil-
ities at the AFM-QCP. The fact that  SC = 2 diagCO is
because the complex SC order parameter has two com-
ponents whereas the real CO order parameter has one. In
contrast, the axial CO susceptibility remains small and
nearly unaﬀected by the proximity to the QCP. Fig. 2(b),
which shows the behavior at the QCP, confirms that the
degeneracy is present at all temperatures.
We now proceed to investigate whether there is a rem-
nant near-degeneracy between SC and CO when particle-
hole symmetry is broken (µ 6= 0). In this case, al-
though there is no lattice SU(2) symmetry, an approx-
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the CO susceptibility shows a very weak enhancement
near the QCP. Furthermore, near the onset of SC, the CO
susceptibility is even suppressed with respect to its non-
interacting value, signaling a strong competition between
these two states already in the fluctuating regime. This
happens even though the SU(2) symmetry is preserved
locally at the hot spots. The fragility of the CO-SC de-
generacy implies that CO near an AFM-QCP is not a
universal phenomenon, but instead requires a fine-tuned
band structure that goes beyond just hot-spot properties.
We also investigate the wave-vector for which the CO sus-
ceptibility is maximal. When CO and SC are degenerate,
the wave-vector is diagonal, in agreement with the ana-
lytical approximations. However, once CO and SC are no
longer degenerate, the wave-vector tends to change from
diagonal to axial as the AFM-QCP is approached. This
is consistent with theoretical proposals that axial CO is
favored over the diagonal one if the anti-nodal region of
the Brillouin zone is gapped [30, 31]. Finally, we discuss
the implications of our results to materials that display
putative AFM-QCPs and their relevance to understand
CO in the cuprates.
The spin-fermion model is a low-energy model de-
scribing electrons interacting via the exchange of AFM
fluctuations. In its two-band version (whose physics
has been argued to be similar to the one-band version
[32]), the model is described by the following action,
S = S + S  + S , defined on a two-dimensional square
lattice:
S =
Z
⌧,rr0
X
i=c,d
[(@⌧   µ)  rr0   ti,rr0 ] †i,r↵ i,r0↵
S  =
1
2
Z
⌧,r

1
v2s
(@⌧ )
2 + (r )2 + r0 2 + u
2
 
 2
 2 
S  =  
Z
⌧,r
eiQAFM·r  ·   †c,r↵ ↵  d,r  + h.c.  (1)
Here,
R
⌧,r is shorthand for
R
d⌧
P
r, ⌧ 2 [0, ) is the
imaginary time, and   = 1/T is the inverse temperature.
The action S describes the fermionic degrees of freedom,
with the operator  i,r↵ annihilating an electron of spin
↵ at site r and band i. Summation over ↵,  is implied.
There are two diﬀerent bands, labeled c and d. The band
dispersion is parametrized by the chemical potential µ
and the hopping amplitudes ti,rr0 . Here, we consider only
nearest-neighbor hopping and set tc,x = td,y ⌘ tx and
tc,y = td,x ⌘ ty to enforce the system to remain invariant
under a 90  rotation followed by a c$ d exchange. The
action S  describes the spin degrees of freedom, with the
bosonic field   denoting the antiferromagnetic order pa-
rameter with ordering wave-vector QAFM = (⇡,⇡), and
  denoting Pauli matrices. The parameter r0 tunes the
AFM transition to T = 0 at r0 = rc, whereas vs and
u describe the stiﬀness of AFM temporal and amplitude
fluctuations, respectively. To save computational time,
d1
c1
QCO
c1
c2
d1
d2
QAFM
µ = 0
(Q0, 0)
(0, Q0)
µ
tx
=  p3
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Figure 1. (a) Schematic Fermi surface of the spin-fermion
model with two bands (c, dashed line, and d, solid line). Hot
spots are marked by solid symbols. Tw pairs of h t spots
(c1, d1) and (c2, d2) are highlighted to illustrate the relation-
ship b tween the AFM wave-vector QAFM and the CO wave-
vector QCO. The band dispersions used in our QMC calcu-
lations are shown in (b) (particle-hole symmetric dispersion,
µ = 0, with ty = tx/2) and (c) (particle-hole asymmetric dis-
persion, µ/tx =  
p
3, with ty = 0). Changing µ tunes the
CO wave-vector QCO = (Q0, Q0) since Q0 = 2arccos  µ2tx .
we follow previous works and co sider ea y-plane anti-
ferromagnetism, i.e   = ( x, y) [26, 32, 33]. The action
S  couples spins and fermions via the parameter  . The
two-band structure of the model e sures the absenc of
the sign problem in our simulations [24].
The fermionic, magnetic, and superconducting proper-
ties of this model have been thoro ly studied recently,
revealing a SC dome surrounding the QCP [26, 33]. In
particular, the SC order parameter   was found to have
a “d-wave” symmetry, i.e. to change its sign between the
two bands:   =
R
⌧,r i 
y
↵  ( c,r↵ c,r     d,r↵ d,r ) . The
CO order parameter ⇢ investigated here also has oppo-
site signs in the two-bands (and is thus analogous to the
d-wave bond CO in the one-band version of the model):
⇢ =
Z
⌧,r
eiQCO·r 0↵ 
⇣
 †c,r↵ c,r↵    †d,r↵ d,r 
⌘
. (2)
where QCO is the CO wave-vector. Analytical stud-
ies of the spin-fermion model found a special symmetry
relating the SC and CO order parameters under an ap-
proximation that focuses on the hot spots of the model,
i.e. the Fermi surface points separated byQAFM = (⇡,⇡)
[3–5]. In the two-band version of the model, each hot
spot of a given pair (ci, di) is located on a diﬀerent
band, as shown in Fig. 1. According to [3, 4, 34],
the hot-spots model with linearized dispersions has an
emergent symmetry that rotates the SC order parame-
! = 0
(P-H symmetric)
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the CO susceptibil ty shows a very weak enhancement
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the sign problem in our simulations [24].
The fermionic, magnetic, and superconducting proper-
ties of his mod l have be n thoroughly studied re ntly,
revealing a SC dome sur ounding the QCP [26, 3 ]. In
particular, the SC order parameter   was found to have
a “d-wave” symmetry, i.e. to change its sign betwe n the
two bands:   =
R
⌧,r i 
y
↵  ( c,r↵ c,r   d,r↵ d,r ) . The
CO order parameter ⇢ investigated here also has op o-
site signs in the two-bands (and is thus analogous to the
d-wave bond CO in the one-band version of the model):
⇢ =
Z
⌧,r
eiQCO·r 0↵ 
⇣
 †c,r↵ c,r↵    †d,r↵ d,r 
⌘
. (2)
where QCO is the CO wave-vector. Analytical stud-
ies of the spin-fermion model found a special symmetry
relating the SC and CO order parameters under an ap-
proximation that focuses on the hot spots of the model,
i.e. the Fermi surface points separated byQAFM = (⇡,⇡)
[3–5]. In the two-band version of the model, each hot
spot of a given pair (ci, di) is located on a diﬀerent
band, as shown in Fig. 1. Ac ording to [3, 4, 34],
the hot-spots model with linearized dispersions has an
emergent symmetry that rotates the SC order parame-
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Ising nematic critical point
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“Resistivity proxy”: !" ≡ ()*+(-/&)&/+*(-/&) ≈ ∫23 45 5*6 57 ∫23 456 5 *
If 8(9) is a Lorentzian: !" = "4;
Qualitatively similar results for AFM QCP
Emergent locality at strong coupling?
Ising nematic critical point
D−1(q,ωn) at β=20, h≈ hc,L=20
0 0.5 1 1.5
0
2
4
6
8
α=1.5,V=0.5,µ=−1.0
0 0.5 1 1.5
0
2
4
6
8
α=1.5
0 0.5 1 1.5
0
2
4
6
8
α=1.0
0 0.5 1 1.5
0
2
4
6
8
α=0.5
 
 
ωn=0
ωn=2π T
ωn=4π T
ωn=6π T
ωn=8π T
ωn=10π T
D−1(q,ωn) at β=20, h≈ hc,L=20
0 0.5 1 1.5
0
2
4
6
8
α=1.5,V=0.5,µ=−1.0
0 0.5 1 1.5
0
2
4
6
8
α=1.5
0 0.5 1 1.5
0
2
4
6
8
α=1.0
0 0.5 1 1.5
0
2
4
6
8
α=0.5
 
 
ωn=0
ωn=2π T
ωn=4π T
ωn=6π T
ωn=8π T
ωn=10π T
!"#(%, '()
% [2,/.]0 2 40
2
4
6
8
α=1.0 α=1.5,V=0.5,µ=−1.0
0 2 4
0
2
4
6
8
α=1.5
 
 
0 2 4
0
2
4
6
8
α=0.5
 
 
q=(0,0)
q=(1,0)
q=(1,1)
q=(2,0)
q=(2,1)
q=(2,2)
q=(3,0)
D−1(q,ωn) at β=20, h≈ hc,L=20
'(0
2
4
6
8
α=1.0 α=1.5,V=0.5,µ=−1.0
0 2 4
0
2
4
6
8
α=1.5
 
 
0 2 4
0
2
4
6
8
α=0.5
 
 
q=(0,0)
q=(1,0)
q=(1,1)
q=(2,0)
q=(2,1)
q=(2,2)
q=(3,0)
D−1(q,ωn) at β=20, h≈ hc,L=20
0 2 4
0
2
4
6
8
α=1.0 α=1.5,V=0.5,µ=−1.0
0 2 4
0
2
4
6
8
α=1.5
 
 
0 2 4
0
2
4
6
8
α 0.5
 
 
q=(0,0)
q=(1,0)
q=(1,1)
q=(2,0)
q=(2,1)
q=(2,2)
q=(3,0)
D−1(q,ωn) at β=20, h≈ hc,L=20
At strong coupling, !(01 %, '( ≈ #3"34 56|89| over a range of %!
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What have we learned?
Metallic quantum criticality is accessible via sign 
problem-free Quantum Monte Carlo simulations.
• QCP “preempted” by high-!" superconductor!
Maximum !" near QCP • Generic properties:
• Quantum critical regime above !":
• Rapid growth of correlations
• Breakdown of Fermi liquid behavior
• Anomalous transport
• What’s missing…
• No “competing orders” other than SC
• No “Pseudogap”
Outlook
• Analytic continuation: 
Disentangle dc resistivity? 
Thank you.
• Emergent “local criticality” at strong coupling?
• Strongly coupled metallic AFM QCP with !"# → %?
